We study the interacting dimerized Kitaev chain at the symmetry point ∆ = t and the chemical potential µ = 0 under open boundary conditions, which can be exactly solved by applying two Jordan-wigner transformations and a spin rotation. By using exact analytic methods, we calculate two edge correlation functions of Majorana fermions and demonstrate that they can be used to distinguish different topological phases and characterize the topological phase transitions of the interacting system. According to the thermodynamic limit values of these two edge correlation functions, we give the phase diagram of the interacting system which includes three different topological phases: the trivial, the topological superconductor and the Su-Schrieffer-Heeger-like topological phase and we further distinguish the trivial phase by obtaining the local density distribution numerically.
I. INTRODUCTION
Majorana zero modes have attracted intensive studies in past years [1] [2] [3] [4] [5] . This is not only due to their potential applications in topological quantum computation 6 , but also some reported experimental evidences of their existence [7] [8] [9] [10] [11] [12] [13] [14] . Kitaev chain model 15 provides a simple platform to study the Majorana zero modes, which has recently attracted a lot of attentions 16, 17 . The topological phase transitions of this model can be obtained by calculating the Majorana number 15, 18 under periodic boundary conditions or calculating an edge correlation function 19 under open boundary conditions (OBC). On the other hand, as the simplest example of 1D topological insulators, the Su-Schrieffer-Heeger (SSH) model 20 , or known as a dimerized one-dimensional (1D) model, has been an important model system to show rich topological phenomena [21] [22] [23] [24] [25] . A dimerized Kitaev model 26, 27 comprised of the SSH model and the Kitaev model can give rise to a rich phase diagram, which includes the trivial phase, topological superconductor (TSC) phase and SSH-like topological phase. The effect of interactions on topological insulators 28 or superconductors remains an open problem. The Kitaev model with interaction in some special cases has been widely studied analytically [29] [30] [31] [32] and numerically [33] [34] [35] [36] [37] . Recent work by Miao et al. 38 found the exact solution in the symmetric region (µ = 0, ∆ = t) of the Kitaev chain with nearest neighbor interaction and showed the phase transition between TSC phase and trivial phase by introducing an edge correlation function of Majorana fermions. McGinley et al. 39 further extended the exact solution to the disorder case in this symmetric region. In this work, we study the dimerized Kitaev model with nearest neighbor interaction at the symmetric point of µ = 0 and ∆ = t under OBC with the help of exact solution by mapping the interacting model onto an noninteracting fermion models after two Jordan-wigner transformations and a spin rotation. One of our motivations is to see the effect of interaction on the trivial, TSC and SSH-like topological phases in the noninteracting dimerized Kitaev model, and give an exact phase diagram of the interacting dimerized Kitaev model at the symmetric point. In order to distinguish different phases, we introduce two edge correlation functions and use them to distinguish different topological phases of the interacting dimerized Kitaev model. We find that the trivial phase, TSC phase and SSH-like topological phase of this interacting system can be well distinguished by these two edge correlation functions and the phase transition points can be analytically obtained.
This paper is organized as follows: in Sec. II, we introduce the interacting dimerized Kitaev superconductor model and it's form in the Majorana representation. In Sec. III, the Hamiltonian is diagonalized by using two Jordan-Wigner transformations and the singular value decomposition (SVD). In Sec. IV we introduce two edge correlation functions and obtain the phase diagram, and then we further distinguish the trivial phase by using the energy spectra and the local density distribution. A brief summary is given in Sec. V.
II. MODEL HAMILTONIAN
We consider an interacting dimerized Kitaev superconductor chain under OBC, which is described by We introduce the Majorana fermion operators c j,δ = 
III. EXACT DIAGONALIZATION A. Mapping to non-interacting chain By using two Jordan-Wigner transformations 40,41 and a spin rotation 38 , one can map the Hamiltonian (2) to a non-interacting model at the symmetric point of ∆ = t and µ = 0. Firstly, the Hamiltonian (2) can be mapped to a typical XZ model by introducing the Jordan-Wigner transformation that σ 
Secondly, we introduce the rotation operator R = e around the x-axis. Therefore the XZ chain becomes a 
where we setγ (2) is mapped to a non-interacting fermion Hamiltonian (5) when ∆ = t and µ = 0.
B. Exact diagonalization
The Hamiltonian (5) can be exactly diagonalized by using the SVD, i.e., the matrix B given in Eq. 5 can be written as B = U ΛV T 19,42,43 , where Λ is a real diagonal matrix whose diagonal elements Λ k are the singular values of B. U and V are two real orthogonal matrices and transform the Majorana operators asγ
The Hamiltonian can be diagonalized as
There exist two nonnegative singular values for each k, which are
One can see that Λ k I ≥ 0 and Λ k II ≥ 0, Λ k I = 0 when U = t(1 + η) and k I = 0 or when U = −t(1 + η) and
Therefore the spectrum Λ k is gap closed at the cases that U = ±t(1+η) and U = ±t(1 − η).
For the Λ k I and Λ k II , the corresponding U and V are
and
respectively. Here the normalization factors are
The wave vector k I 's are determined by the equation,
When
, which is
where v is determined by
For this k I 0 mode, the U and V become
Then the corresponding normalization factor can be written as,
and the corresponding singular value is
In a similar way, when |
Similarly, we can also obtain the corresponding
, and the corresponding singular value
IV. EDGE CORRELATION FUNCTIONS AND PHASE DIAGRAM
We introduce two edge correlation functions G
Ls |0 , which can be used to characterize topologically different phases. Before studying the more complicate case of interacting model, we would like to demonstrate that we can reproduce the phase diagram of the non-interacting dimerized Kitaev model by calculating these two edge correlation functions. We present the phase diagram of this system with U = 0 and µ = 0 in Fig. 1 , which is consistent with the previous result obtained by calculating the topological numbers of the system with periodical boundary condition 26 . Here the region of "0" in Fig. 1 corresponds to the case that both G (1) 1L and G (2) 1L equal zero in the thermodynamic limit, which means that there isn't edge state in this system. Regions labeled by 1 ab and 1 ba correspond to the case with G 1L = 0 in the thermodynamic limit respectively, which means that there exists a Majorana fermion at each end of this chain. Region of "2" corresponds to the case that both G (1) 1L and G (2) 1L are nonzero in the thermodynamic limit, which means that there exists a Dirac fermion at each end of this chain.
We then discuss the interacting dimerized Kitaev model at the symmetric point. Miao et al. 38 have proven that G (1) 
where Z f 2 is the fermion number parity defined as Z f 2 = e iπ l n l = (−1) N and N = l n l is the number of the fermions. It is easy to verify that (Z 
We need investigate the effect of both k I mode and k II mode on the edge correlation functions. Since
When |U/t| > |1 − η| and |U/t| < |1 + η|, one can easily prove that
and G
, which means that there doesn't exist Majorana fermion at the end of this chain. When |U/t| < |1 − η| and |U/t| < |1 + η|, we have
, which equals zero in the thermodynamic limit. Therefore there exists one Ma- jorana fermion at each end of this chain, which corresponds to the TSC phase. When |U/t| > |1 − η| and |U/t| > |1+η|, one can easily verify that G (1)
which equals to zero in the thermodynamic limit, which means that there isn't edge state at this chain and the system is trivial. In a similar way, for this case that |U/t| > |1+η| and |U/t| < |1−η|, we can obtain G
1L = 0 and G (2) 1L = 0 in thermodynamic limit. There exist two Majorana fermions, i.e., one Dirac fermion at each end of this chain, which corresponds to the SSH-like topological phase.
For clear, we display the phase diagram in Fig. 2 , where regions of "0" denote that there isn't edge state in this chain, which is the trivial phase, region of "1" denotes the TSC phase and there exists a Majorana fermion at each end of this chain and regions of "2" express the SSH-like topological phase and there exists one Dirac fermion at each end of this chain. We see that for the |η| < 1 case, the system is at TSC phase when |U/t| is small, then this system enters into the trivial phase when increasing the |U/t| to the parameter region 1 − η < |U/t| < 1 + η for η > 0 and this system can enter into the SSH-like topological phase if increasing the |U/t| to the region 1 + η < |U/t| < 1 − η for η < 0. The phase boundary between different phases can be determined by the gap close point in the energy spectrum.
To calculate the energy spectra, we can obtain the singular values Λ numerically, which equal to the square of BB T and B is the matrix in Hamiltonian (5). Fig. 3 (a) and (b) show the energy spectra of this system with η = 0.5 and η = −0.5, respectively. We can also use the density matrix renormalization group (DMRG) method to obtain the ground state |0 and the local density distribution 0|n i |0 of this system in trivial phase and the SSH-like topological phase as shown in Fig. 3 (c) and (d) respectively. From Fig. 3(a) , we see that there isn't zero mode at 0.5 < |U/t| < 1.5, which is consistent with that it is a trivial insulator phase. The corresponding local density distribution of this phase as shown in fig. 3(c) , where no edge density distribution is detected in this system. From Fig. 3(b) , we see that there exist zero modes at 0.5 < |U/t| < 1.5 for the η = −0.5 case, where the zero modes are double degenerate, which can be understood from the Eq. 19 and Eq. 21. In the thermodynamic limit, Λ k I 0 and Λ k II 0 equal to zero, which means that the k I 0 mode and k II 0 mode are the zero modes. Actually, from the above discussion, it is exactly that the k I 0 mode and the k II 0 mode give rise to the edge states. Fig. 3(d) shows the local density distribution in this SSH-like topological phase and one can see the existence of the edge states.
From Fig. 3(a) and (b), we see that there also exist zero energy states for the | To understand these phases, we also show the local density distribution of this system with U/t = 3, η = 0.5 and L s = 200 in Fig. 4 (a) , which is obtained by using the DMRG method. From this picture, one can see the local density distributes in an oscillating way corresponding to the charge density wave (CDW) phase 38 . Fig. 4(b) shows the corresponding Fourier spectrum, which is obtained by taking the fast Fourier transformation of the local density distribution and it is usually used to distinguish the CDW and the incommensurate CDW (ICDW). From this picture, one can see that the Fourier spectrum has a single peak at π point and this state is a CDW. For the case that U t < −(1 + η), where η > 0 and U t < −(1 − η), where η < 0, the system is the Shrödinger cat-like state with the density distribution being a constant. The Shrödinger cat-like state has been studied in Ref. 38 , which is a superposition of two trivial superconductor states with different occupation numbers.
V. SUMMARY
In summary, we have investigated an exactly solvable interacting dimerized Kitaev model under OBC at the symmetric point of ∆ = t and µ = 0 and identified the topological phase diagram by calculating two edge correlation functions and the energy spectra. There exist three different topological phases in various parameter regions: the trivial, TSC and SSH-like topological phases, and the phase boundaries can be determined analytically from the gap close points of the energy spectra. We see that the TSC phase changes to the trivial phase or the SSHlike topological phase when increasing |U/t| and both of them enter into the trivial phase when further increasing the |U/t|. For the trivial phase, there also exist three different phases in different parameters regions, i.e., the trivial insulator phase, CDW and CAT phases, which can be distinguished from the energy spectra and the local density distributions. Our results provide a firm ground for further studying and understanding the more general case with ∆ = t and µ = 0, for which no exact solution is available but one may calculate the two edge correlation functions numerically.
